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Abstract

The issue of this paper is related with the on-line state estimation of a class of sequencing batch reactors (SBR). This operating mode of SBR can
be analyzed as a repetitive process, where some operating conditions changes from one batch to other, which leads to nominal model degradation
of the plant and consequently a bad estimation performance when standard observers are employed. To avoid the problems above mentioned
it is proposed a finite time convergence observer with a fractional power of the time estimation error plus a discrete integral-type contribution
of the discrete estimation error in order to reach finite time convergence and compensate the modeling error which arises when each batch is
processed. The proposed observer is applied to a class of simple bioreactor model experimentally corroborated, where numerical simulations show
the satisfactory performance of the proposed methodology in comparison with standard nonlinear Luenberger observers. Mathematical proof of

the convergence of the proposed observer is addressed.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The estimators or observers for states and uncertainties can
play a key role during the early detection of hazardous and
unsafe operating conditions and process control. Following this
spirit, several researches have been focused in the proposition of
estimation methodologies for states variables and uncertainties
present in industrial processes.

As is well known, one of the first state observers employed in
industrial operation is the extended Kalman filters, because of
their easy implementation and capabilities to deal with errors in
the modeling and the measurements in its structure. Nonetheless,
this design is based on linearized approaches of the nonlinear
system, where robustness and asymptotic convergence prop-
erties are difficult to prove [1]. Recently Aguilar et al. [2,3]
propose state observers for chemical reactors with uncertain
kinetics, however all these approaches provide an asymptotic
convergence of the observers.

* Corresponding author.
E-mail addresses: raguilar @correo.azc.uam.mx (R. Aguilar-Lopez),
rguerra@ctrl.cinvestav.mx (R. Martinez-Guerra).

1385-8947/$ — see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.cej.2006.09.003

However for batch processing mode the state observers needs
to converge in a finite time, because only a time period is
available to conduce the process to satisfactory performance,
in comparison with the continuous process mode where a time
operating restriction is not enough important. In contrast, for
observing purposes, convergence in finite time is an attrac-
tive feature which is very important for industrial applications
which operate under fast dynamic conditions and time process-
ing restriction. Finite time observer design has been presented
in several papers, for example, in Ref. [4] a finite time observer
design for linear systems is developed, where the convergence
time can be assigned independently of the observer eigenvalues.
Other approach considers a class of nonlinear systems which
can be transformed on Brunovsky form to construct finite time
observers under the frame of sliding theory with application to
synchronization of chaotic systems [5]. Generally finite time
controllers and observers have been applied to robot manipula-
tors [6,7], secure data transmission [5,8] but the process control
and estimation applications are up-to-date very few. As far as
we know, the application of finite time observers to repeti-
tive process are not enough studied. The main problem with
the design of a state observer for repetitive process is related
with the hybrid observer structure that must be considered in
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the sense that the proposed observers must to converge in the
finite time when each batch is processed and besides with the
number of batch processes, in other words, the observer must
contain a continuous (in time) and discrete (in batches number)
contributions.

2. Mathematical assumptions

The mathematical model above presented can be represented
as nonlinear plant, with linear output which can be described by
the following lumped parameter model:

Xj(1) = @;(X (1), U®D) + AD())

ey
Yi(1) = h(X (1)) = CX (1)

Here, X € )" is the vector of states; U € N" is the vector control
input; Y€ R™ is the system output; ®;(o) : R"T" — R" is a
nonlinear vector field; A®(j) is the modeling error which arises
from each batch to other, j=1, 2, . . ., p is related with the batch
number, note that the modeling error can be considered as a
constant disturbance when the corresponding batch is performed
in time and it only changes with the batch number, moreover
A®(j)=0 for j=1, i.e. the first batch processed is completely
described by the nominal mathematical model. Now, consider
the following assumptions:

Al. The system given by Eq. (1) is locally uniformly observ-
able, since for all x e ®R" and u € R,

a
rank< —¢ p =
{mee} =
Here ¢ is the observability vector function defined as

¢ =Ly, ..., dL%y, ..., ALk, ... ALy, ... AL}

hi, ..., dL’fl_lhm)T, being L?hs (s=1, 2, ..., m) the d-order
Lie derivatives.

The task is to design an observer to estimate the vector of
state variables X, considering that Y is measured on-line and U
is known at each time interval.

3. Estimation methodology
Proposition 1. The following dynamic system is a finite time
observer for system (1):
Xj() = @;(X(0), U@) = Ka(|Y (1) = CX;0)]V/%)
P
+Ka) (Yj(t=T)— CXj(t =T)) )
j=1

where K¢ and Ky are the observer gains and g € Z*, ¢> 1 con-
sidering g an odd number and 7 is the batch processing time.

3.1. Sketch of proof of Proposition 1

Defining the estimation error as &(¢, j) = X (1) — X j() and
resting the Eq. (1) minus the Eq. (2) can be constructed the

estimation error’s dynamics as follows:

E=;(X (1), U®) — (X (1), U®) + K| V()

p
—CXi0)V + AD(j) — Ka) (Yt =T)
j=1

—-CX;t=T)) 3)

Note that the dynamic of the estimation error depends on two
variables, time (#) and the batch number (j), i.e. £ =&, s
now considering the structure of Eq. (3) the right side of the
equation can be separated into two functions, one of them time
dependent, and the other depends on the batch number j such
that £ = f1(®) + f2()), this structure allows to separated the
convergence analysis on both two estimation errors such that
é = &1 + &, where we define:

o1 = fit) = (X (1), U®)) — (X (1), UM) + Kt Y (1)
_ C)A(j(t)ll/q

and

p
& = f2(j) = AP(j) — KdZ(Yj(l =T)-CX;(t=T))
Jj=1

3.1.1. Convergence analysis of the continuous time finite
observer contribution

In this section it is analyzed the convergence characteristics
of the time depending terms of the estimation error, to show
the observer’s convergence properties in the time domain, in
accordance with the following equation:

e1=®;(X;(0,U®) — @;(X;(1), UM) + Kt Yj(1)
—CX )" 4

note that the time varying terms contains a fraction order power
contribution of the absolute value of the named measurement
error (Y;(t) — C X () this kind of contribution can lead to reach
afinite convergence, such that considering eq = K(|eq| /9 a5 the
desired trajectory it reach finite time stabilization, in accordance
with Ref. [9].

Now, consider the following assumption:

A2. The function @(o) complies with Lipschitz condition
with respect to X;(t), ie. [@;(X;(®),U)— q5j(X,~(t), U)| <
LIX (1) — X j®1; L>0; and uniformly bounded on U therefore
taking the norm of Eq. (4) it can be expressed as:

je1] = LIX ;) — X,(0] + KaCV X0 = X017 (5)

Note that inequality (5) is a Bernoulli-type ordinary differential
inequation, such that for its solution it is possible to define the
following change of variable for each scalar component of the
vector e, we define:

1-1
Fi — 6(1,1‘ /l])’

=1,...,n with e; #0 (6)
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Expressing the time domain estimation error in the new variable

(e1,; = Eei{lq), it is possible to find its dynamics as it is shown

by Eq. (7).

. =1

eri = <q) Fie}d %
q—1 ’

Combining Egs. (5)—(7) the following equation is generated:

q o1/
’<q—1)nel’?

where k; is the scalar entry of the matrix product K.,C"4. Finally,
it is possible to find the quota for the variable norm (inequality
(9)). Note that the below expression is a first order differential

inequality.
-1 -1
(") r| + (") ki ©)
q q

Before to continue with the analysis, the following comments
are done:

1 1
< LilTie){1 + kile ] ®)

I3l < L;

61,,'=0=>Fi=0
e, #0=>1; #0, ie.

>0
L= =T >0 (10)
e1,;i <0,q odd

-1
q>1:><q>>0
q

A3. Consider e;; #0 and g € Z*, g odd, (g — 1)/g>0.

Now applying the relationship |x| =sign(x)x and performing
algebraic manipulations onto inequality (9), the following is
obtained:

L g—1Y\ . q—1
sign(I)1G = Li (| —— | sign(ID1G + ki—— (11)
q q

Now, it is possible to find some relationships among the variable
I'; and the sign of its dynamics then by assuming A3, we obtain
the general solution of inequality (11) for #p =0:

Ii(0) < exp (— Litta _Sig(‘?;ig“(” %)
§ /’ N [Li((q - 1)/g) sign(mr} {((q - 1)/q)k,.] "
o P sign(17) sign(17)
+ Fi(to) exp [— Lilta _Si;)rf(qr);‘g“(”) z}

if sign(f}) >0 (12)

After algebraic manipulations of Eq. (12) the following inequal-
ity is obtained:

Lo < L' ki [1 —exp {_ Li((q —.1)/61') Sign(ﬂ)t”
sign(l3) sign(7})
i —1 i i
+ Ii(to) exp [_ Lil(g sig)rf(q]l?gn(r)t} )

If sign(17})/sign(I}) > 0 and ¢ is large enough and considering
(10) then:

ki
0RO =Ly s (14)
l

If k; is small enough I";(f) — &; with &; >0 as small as be desired.

Furthermore e1 ; = "*\I/Fiiq ,theney; = "’\1/571

i
max;e] ; and &€ = max;e;. It can be concluded that the maximum
of the time domain estimation error belongs to the open ball with

ratio proportional to q_\l/ (L7 (ki /sign(T)’.

we choose e =

3.1.1.1. Observer convergence time. In order to determine the
convergence time of the proposed observer, let us consider Eq.
(13). As it can be seen the second term of the right side of the
above equation is time dependent, at steady-state condition this
term must exhibit a numerical value close to zero (Eq. (15)).

Li((g — /g sign(Fi)t
sign(17)

Ii(10) exp =&~0 s)

1=t

Here, 7 is the convergence time of the observer to the open ball
e € Bz(0); after algebraic manipulations, the following equation
for the convergence time is calculated as:

trr = max;ter,; Wwith fpr; = Ll’l?)?

g  sign(l})
Li(g — 1) sign(I})

where

n=— (16)

3.1.2. Convergence analysis of the discrete observer
contribution

For the corresponding stability analysis for the dis-
crete contribution of the proposed observer, let us consider
the below equation, presented in Section 3.1, which con-
sider the batch number evolution of the estimation: é; =

P
A®D(j) — Ka» _(Yj(t =T) — CX(t = T)). Now given the dis-
J=1
crete nature of this estimation error the corresponding difference
equation is as follows:

p
erjr1 =e2j()+ | AP — KaC>_ea j(j) (17)
j=1

Now, the above equation can be expressed as:
e2,j41 = €2, j(j) + ADP(j) — KgCes j(j)
e3,j+1 = e3,;(j) + ez j(j)

Or in vector notation:

¢jr1 = Axej + O() (18)



158 R. Aguilar-Lopez, R. Martinez-Guerra / Chemical Engineering Journal 126 (2007) 155-161

where
€, i+l 1—-7 —KqC
€jt1 = / ; Ap = ;
€3, j+1 1 l1—m
AD + mey
0 = 2”]
7'[63,/'

m>1 is a stabilizing parameter [10] and A, is a Hurwitz sta-
ble matrix with an adequate choosing of the observer gains Ky
and 7, note that the observer gain Ky provide stability to the
observer, because it compensate the nonlinear term related with
the error modeling A®, which arises with the number of the
batch evolution.

Considering the following discrete Lyapunov equation,
where P=PT>0:

Vi =] Pe, 19)

Such that the corresponding discrete dynamic is given by the
following difference equation:

Vip1 — Vj=2¢] P(Azej + O)) (20)
In accordance with assumption A2:
|61 < DIM;(X; — X))l = DIMje}] 1)

where D is the corresponding Lipschitz constant and M; is a
symmetric definite positive matrix playing role of a normalizing
matrix (since different components of the state variables may
have a different physical nature).

Substituting:

Vis1 = Vj < 2le|P(Ax + DM))le,| (22)

Considering with an appropriate choosing of the observer gain
Kq we have that: A + D|M;| is a definite negative matrix.

Note that the above equation can be employed for observer’s
tuning purposes, therefore:

Vit1 = Vj < 2le|P(Ax + DIMj])lej| < 0 (23)

Which proof that the discrete contribution of the observer,
asymptotically converges.

4. Batch reactor modeling

As is well known the modeling of biological systems, in par-
ticular for bioreacting process is a hard task because the parame-
ters related are time-variant and highly nonlinear functions of the
system’s states, process and environmental conditions. In partic-
ular sequencing batch wastewater bioreactors where the organic
matter to be degraded (substrate measured as chemical oxy-
gen demand) changes continuously its composition, the sludge
inoculated (biomass measured as volatile suspended solids) is
not well characterized and the process variables do not follow
an exact operation policy, made that the right simulation, mon-
itoring and control be very difficult tasks for the high varying
parameters model and operating conditions.

In particular, we develop a simple nominal mathematical
model of a batch wastewater bioreactor to be employed as

nominal plant for the design of the proposed state estimation
methodology, this model is based on mass balance for sub-
strate and biomass concentration, which are the most important
variables that describes the dynamics of the biological phase
of the bioreactor. Substrate concentration is considered as the
measured variable considering that it measured as COD is rou-
tinely made in industrial operation [11]. Naturally most complex
model containing a large system of nonlinear ordinary differen-
tial equations (ODEs) have been studied and reported in the
open literature [12] and could be employed in this work, but for
illustration simplicity a two states model is employed.

4.1. Experimental

Bench-scale bioreactor was utilized. These units are made
of Plexiglas with a volume capacity of 151. The air was sup-
plied using air diffusers stone in the reactor bottom to keep
the dissolved oxygen (DO) concentration at values higher than
2.0 mg/1. The bubbles produced during the aeration kept the con-
tents of the bioreactor well mixed and homogeneous. Municipal
wastewater was utilized for the experiments. Start-up was per-
formed with wastewater and inoculated with biological sludge.
Samples were taken out from the wastewater reservoir. Chemical
oxygen demand (COD) and the volatile suspended solids (SSV)
were determined in each sample employing the methodology
proposed in Ref. [13]. The mean of three analyses for concen-
trations evaluations were taken, in order to obtain the results
reported as below.

4.2. Modeling

As usual, it is considered a continuous version of the biore-
actor in order to obtain the bio-kinetic coefficients [14]:
For the reaction rate of substrate consumption:

, _ Mmax X1X; _X20_X2
T Yy Ko+ X 0

(24)

Linearizing equation (a) and taking the inverse, Eq. (25) is
obtained.

X0 YaKs 1 Y
1 _ dixg + d (25)
X2 — X2 Mmax X2

I’Lmax

K was obtained by plotting X16/(X>, — X») versus 1/X5.
The Yy value was obtained, independently, measuring the
slope of Eq. (26).

fZYd;—kd (26)

where X and X, are the biomass and substrate concentration,
respectively, Yq the yield coefficient and 0 is the dilution rate.

Using this value pmax Was calculated from Eq. (24).

Now, the mathematical model described below is related to
the biological phase of a class of wastewater batch bioreactor,
which will be the case study. It consists of mass balances for the
biomass (X1, Eq. (27)) and substrate (X, Eq. (28)) concentra-
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tions, which are represented by a set of two nonlinear ODEs:

X1 = n(X2)X, 27)

. X

Xo = —p(X2) = (28)
Yq

Y =X, (29)

As it is commonly considered, the yield coefficient depends on
the substrate concentration in a linear way (Eq. (29)) and the
specific growth rate in accordance with a Monod’s model.

Y4 =0.01 +0.03X, 30)
0.3X,

X)) =—" 31

w(X2) 1751 X, (31

5. Numerical experiments

In order to show the performance of the proposed estima-
tion methodology, the mathematical model above presented, was
simulated in a sequencing mode operation. Were simulated a
sequence of 10 processed batches, changing the initial condi-
tion of the ODE between each processed batch and adding a
modeling error to the kinetic terms, both via random gener-
ator number, considering +10% for the initial conditions for
substrate and biomass concentrations and 5% on the kinetic
term, the nominal initial condition for biomass and substrate
concentration in the bioreactor are 2 and 20 g/l, respectively.
The proposed observer was implemented and a standard non-
linear Luenberger observer was implemented for comparison
purposes. As usual, the substrate concentration is considered
as the corresponding measured output, such that the biomass
concentration is the task of the estimation methodology. The
observer gain of the fractional order contribution is consid-
ered of Ko =[0.1 2.5]h~! and the corresponding gain of the
integral-type contribution is Kq=[0.01 0.225]1h~!, the gain of

Estimation error
4.0—-
-
3.5
3.0-
2.5;
2.0—-
151
1.0;
0.5—-

0.0

T * T . T * T ¥ T

0 2 4 6 8 10
Batch number

Fig. 1. Discrete estimation error for biomass concentration using a nonlinear
Luenberger observer.

Estimation error
09

0‘7-—
0 8--
0‘5'—
0‘4--
0‘3-—
0‘2-—

01|

Batch number

Fig. 2. Discrete estimation error for biomass concentration using the proposed
observer.

the standard nonlinear Luenberger observer was chosen as K.
Figs. 1 and 2 show the performance of the observers in rela-
tionship with the processed batch number, i.e. considering the
estimation error when ¢="T, as can be seen the nonlinear Luen-
berger observer presents a growth in the discrete estimation error
and the proposed observer tends to compensate the modeling
errors and consequently the discrete estimation error decrease
with the batch numbers. Figs. 3 and 4 are related with the con-
tinuous (time) performance of the biomass in the bioreactor,

Biomass g/litre

B Experimental dots

Simulation
,,,,,,,,,,,, Luenberger Observer

Fig. 3. Biomass concentration estimation in batch number 3 using a nonlinear
Luenberger observer.
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Fig. 4. Biomass concentration estimation in batch number 3 using the proposed
observer.

showing the performance on the batch number 4; is observed a
faster response of the proposed observer, which is the charac-
teristic desired of the finite time observer, in comparison with
the standard observer; note that for this class of process the

20 +
15
| B Experimental dots
o Simulation
E | v\ e Luenberger Observer
D 10 S
L
i
=
[0}
2 ]
=}
w
5
0 -
T T T T ] T T T T L T 1

Time hrs

Fig. 5. Substrate concentration estimation in batch number 3 using a nonlinear
Luenberger observer.
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Fig. 6. Substrate concentration estimation in batch number 3 using the proposed
observer.

biomass is the most important state variable to be estimate. In
Figs. 5 and 6 is shown the performance of the both two observers,
it can be appreciate a similar performance, but consider that the
substrate concentration is the measured output, such that the
observer only filter the corresponding input information. In this
particular batch, a comparison of the mathematical model and
the corresponding experimental data is made, can be concluded
that the model represents satisfactory the process considered
here.

6. Concluding remarks

A hybrid observer, which shows continuous and discrete
convergence properties, is designed for a class of repetitive oper-
ation mode process; in particular it is applied to sequencing
batch reactor (SBR) with an adequate success. The continuous
(in time) contribution of the observer posses a finite time con-
vergence properties, as is shown in the mathematical frame of
the work under the assumption of the model’s nonlinearities are
Lipschitz. Related with the discrete observer structure, a discrete
integral-type of the corresponding estimation error is considered
in order to compensate the modeling error raised between each
processed batch, with a good performance in accordance with
the theorist frame developed and the simulations realized.
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